Projectilesin a Non-Resisting M edium S¢ <,
The Mathematics E-,J -)j;ti
VERS

Aims and Objectives

To produce asmple projectile model.

To modd the forces acting on a projectile using firgt-order differentia equations.

To use the * Separation of the Variables method to solve the differential equations.

To produce a solution suitable to represent the trgjectory of the projectile in a non-
ressing medium.

To use kinematic congderations to produce the same solutions.

To use the accompanying software to investigate how the projectile behaves when its
associated parameters are changed.

To provide the student with some suggestions for further andysisinto projectiles.

| ntroduction
This, the classica ‘A’-leve projectile modd assumes, anongst others:

the projectileis a point object (ie has no dimensions)

there is no aerodynamic drag

nowind

the projectile does not spin

gravity acts verticaly downwards and has a congtant value of 9.81 ms™

These assumptions lead to the parabolic trgectory usudly seen in projectile problems.

As a first gpproximation, the above assumptions modd projectiles moderately well.
However, one only needs to consder examples such as

an irregularly shaped object which islikey to tumble or oin

abal thrown in acrosswind

atable-tennis bal with backspin

afree-flight rocket projected long-range across the face of the earth
and it is easy to see that the classicd parabolic projectile trgectory is unlikely to occur in
redity.

Other software exists in this series, produced by the same author, that incorporates into the
mathematical andyss one complication over and above the basic projectile modd by
introducing aerodynamic drag.

....out here, the basic assumptions apply.

Forces acting on a projectile

With the only force consdered being that due to gravity, it is possble to andyse the
horizontal and verticd components of the forces acting on the body. In the subsequent
andysis, the projectile is projected upwards and to the right. Consequently, the forces
acting verticdly are :
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4 Verticall . .

i Vertical ertically Here, the only force acting on the body is that due to
components | Weight, W gravity, i.e. the weight. As the body is projected upwards,
will be =mg the weight opposes the motion so dowing its ascent until it
fr:’i‘;"“"e'” (instantaneoudly) stops &t its highest point, after which the
direction force due to gravity accelerates the projectile downwards.

The forces acting horizontaly are:

- Horizontally Note that in this, the classical case, there are no forces
Horizontal opposing or assding the motion horizontdly. In redity
components | No for ces aerodynamic drag, amongst other things, would sow the
will be acting AN . L .
positivein | horizontally p_rOJec_tlIe in the horizonta direction (and the verticd
this direction).
direction >

Variables, Constants and Par ameters

Variables

t - time

X - displacement in the horizonta direction

y - displacement in the vertica direction

A - horizontal component of velocity at any timet
v, - vertica component of velocity a any timet
Congtants

g - acceleration due to gravity (9.81 m s?)

c - congtant of integration

Parameters

h - height of projection point above ‘ground leve’
u - velocity of projection

a - angle of projection

b - angle of dope of inclined plane

Consequential Parameters
u, - horizonta component of velocity of projection (= u cosa)
vertica component of velocity of projection (=u sina)

u -

The Horizontal Equations of M otion -M ethod 1

By Newton's Second Law, Force = mass x acceleration,
which, horizontdly, gives

m—=L =0 (no forces horizontally)

dt
where O;tl , therate of change of horizonta velocity, isthe horizonta acceleration.

Note how masswill cancel from this equation, i.e. the motion is independent of mass.
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Separating the variables gives (dv, = (Odt and integration gives v, =c.

This says that the horizontal component of velocity is a congtant vaue - it never changes -
the body never dows up in the horizontd direction (not too redidtic!).

o, if initidly, v, = u,, then ¢ = u, sothat
Vi = Up|-------mmmm--- (i) fordltime

Bear in mind thet, Snce u,, = ucosa , this can be written |V, = ucosa

Sncev, = % , equation (i) becomes X = u, , which upon direct integration of both sides

dt
with respect to t and, using the initid condition x=0 when t=0, gives
e VI B e (i)

or X = utcosa

The Vertical Equations of Motion - M ethod 1

Thistime, Newton's 2nd Law gives

dv, _

a9

Note the minus sgn snce the upwards direction has been chosen as postive and
gravitationa force acts downwards.

Dividing both sdesby m and separating the variables gives cylv, =- gyt .
Note again how the motion of such a projectile is independent of mass.
Integration gives v, =-gt+c.

Apply theinitid condition v, =u, when t =0 giving ¢ =u, sotha
S0 that V, = U, - Otfeeeeeeeeeee (iii)

or,since u, = usina , v, =usina - gt

By the Chain Rule of differentiation, dd\:v :%' & =dl' V, =V av

- Vv

dy dt dy ° Vdy

This dlows us to rework the above, but thistime to find v, intermsof x rather than in

termsof t.  So now

deV =nv, vy =-mg or, separaing the variables,
dt dy

d/vdvv =- g(\ﬂy

P.Edwards, Bournemouth University, UK O 1995 Page 3 of 6

For the associated ‘ Projectiles’ applet, visit http://mathinsite.bmth.ac.uk/html/applets.html




Print and use this sheet with MathinSite’s ‘ Projectiles’ applet to have a permanent record of your work.

V2
or, ——=-gy+c
5 ay
Theinitial condition used hereisthat the projectil€ sspeedis v, = u, a y = h (it can be

projected from a point above ground leve), giving
2

2

V_V =- + u_V + ah
2 ¥» 2 g
therefore, multiplying throughout by 2 and rearranging gives
vy =up - 29(y- h)jeeeeee (iv)
or vZ =u*sin’a - 2g(y- h)

Equations (iii) and (iv) can be combined (Ieft as an exercise) to obtain y interms of t.

1
ie. y:h+th'§9t2 ----- (V)

or y:h+utsina-%gt2

Of more interest, especidly when preparing an equation which is to be used to plot the
trgectory, isthe equation for y intermsof x. This can eadily be found by rewriting equation

(iast = X and subgtituting for t in equation (V).

l'Ih
1 &x6
X X
So y=h+uv—-—gg—+
h 2 eWo
u 1 .
or y=h+—-Yx- —%xz ...... (vi)
U, 2u
or y=h+xtana e 9 > X2 g'ncei: usina = sna =tana
2u° cos” a u, ucosa cosa

If aither of theseiswritten as y = c+bx - ax?, (a > 0) expliditly identifying quadratic form,
one can seethat all trgectories for thismode take the form of an ‘inverted’ parabola.

Equations of Motion - M ethod 2

The above method of the derivation of the equations of motion of such projectiles went right
back to andlysing the forces according to the assumptions made. Newton's 2nd Law, and
the solution of firgt-order differentia equations, illusirated that under these assumptions the
trgectory is independent of mass (so gpparently corroborating Gaileo's findings when he
dropped various masses from the Leaning Tower of PAisq).
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A smpler method of derivation uses the basic equations of kinematics, where, automaticaly,
any acceleration/decderation is assumed to be congtant and any consideration of mass is,
necessarily, ignored.

Theseequationsare: v =u+at vZ =u? +2as s:ut+%at2
wherev isthevdocity a any timet, uistheinitia speed and a isthe acceleration.

Note that u and a are both constants, where the accderation, a, is g, acting verticdly
downwards only. (So thereisno component of a horizontaly.)

For projectiles, the equations immediately above, written directly in terms of their horizontal
and vertical components for a body projected upwards and to the right, are

Horizontal components:
v, = U, vZ=u? (or,again, v, =u,) X =u,t
Vertical components.

v, =u, - gt vy =Up - 20y y=uvt-%gt2

\"

using the same notation asin Method 1 above.

Note that, for a body projected from a height, h, vertically above ground leve, the last two
equations need to have a constant value of h added to al y positions. So,

2 2

vZ=uZ- 29y isthesameas y = VVZ_ Y o, for abody projected from height, h, dl y
g

2 2

vauesbecome y=h + Ve " 4 , Or, rearranging,

v =u? - 2g(y- h) asin(iv) above ~ andthelast equation becomes

\%

y=h+u,t- %gt2 asin equation (v) above.

Further Analysisfor you to try

Note: The maximum height of a particle projected upwards occurs when the verticad
component of velocity, v, , iszero and when the particleis a ground level, y = 0.

Show that:
timeto maximum height occurswhen t,.,,,, = — = 2131
g g
2 2 . 2
maximum heightis y__ =h+— =p4+4 318
2 29

the time of flight to return to horizonta ground is a solution of %gt2 -u,t-h=0

and hence range on the horizontal planeisgivenby Range = i(uv + Juvz + 29h)
g

(why is the negative square root ignored?)
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Trajectory over an Inclined Plane

All of the foregoing andlysis is perfectly adequate for the trgectory of a projectile over a
horizontd plane. Certain aspects of it are suitable dso for the flight over an indlined plane -
but not al. For example, the range found in (d) above is not suitable to find the range from
the base of, and up, the inclined plane. In fact, the equations above are not those used in the
software, since they do not cover the inclined plane case.

To determine the generd case for such trgjectories, the inclined plane case is andysed, with
the proviso built inthat if b = 0, then the horizontal plane Situation is accommodated.

To make the andyss smpler (even 0o, it is il farly complicated), ingead of usng the
vertical and horizontal components of displacement, velocity, etc., the components
parallel with, and perpendicular to, the plane are used. A sketch of the situation will show
that the initid velocity components pardle and perpendicular to the plane are ucos(a - b)
and usn(a - b) respectively. Smilarly, the components of gravity are -ganb and -gcosb
repectively. A geometricd andyss of the initid height shows that its verticd component is
hcosb and its horizonta component is hanb. And so on.

Further Analysisfor you totry

Use the basic kinematic equations and the suggestions of the previous paragraph to produce
the equivaent equations for the trgjectory over an inclined plane. In particular, show thet the
time up to the moment the projectile impacts upon the plane is

. usin(a - b)+\/u2 sin’(a - b )+2ghcos’ b
- gcosb ’

and the range from the base of, and up, the inclined plane is given by

Range = hsinb +utdcoda - b )- %gtd? sinb

Seeif you can develop the equation for y interms of x (equivalent to equation (vi)). For the
inclined plane casg, this was the equation used to produce the plots in the accompanying
software.
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