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First Order Digital Systems SE-
ear ning Outcomes ‘VERS

After reading this theory sheet, you should be able to
recognise the difference between an anadogue system and adigital system
recognise the need for digitd systems
recognise the difference between an analogue differentia equation and adigita
difference equation
convert adifferentid equation into a difference equation usng aforward difference
method
solve afirg order difference equation using any one or more of three methods.

First Order Analogue Systems
Examplel
Condder a paticle projected in a draight line through a ressting medium in which the
resstance to motion is proportiond to the velocity of the particle. This Stuation can be
moddled usng
(& Newton's Second Law of Motion, F = ma, Force is masstimes acceleration, and
(b) Ingantaneous acceleration is given by the differentid of velocity, v, with respect to
time, t.

The mathematica modd for thisis given by
dv

F=ma=m—=kv,
dt

resulting in the ordinary, linear, first-order, homogeneous differential equation with

constant coefficients,
dv

dt kv=0 (1.1
where
i) misthe mass of the particle and
i) k is the congant of proportiondity which is necessarily less than zero since the
resistance to motion produces a decderetion.

Example 2

Now congider an dectrica circuit Smply condgsting of an inductance, L, and aresistance, R
in series with no gpplied voltage. The equation rdating the current, i, in the drcuit a any
time, t, isgiven usng Kirchhoff’s Second Law, which states that the dgebraic sum of al the
potentid differencesin acircuit loop should be zero.

This results in the ordinary, linear, first-order, homogeneous differential equation
with constant coefficients
di

L—+Ri=0 12
” (1.2)

Both of the above examples lead to essentidly the same equations, for which we can now
define the terms above (in bold itdics).
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The differentid equation is
ordinary because it has only one independent variable -
(otherwise it would be a partial differentid equation).
linear because the dependent variable and its derivative are only first degree, i.e.
there are no second order terms (or higher) such as i%(t) or i(t)" di/dt

first-order because the highest order derivative isfirs-order,

homogeneous because the equation involves one dependent variable only (in the
above examples velocity, v(t) and current, i(t)) and the derivetive(s) of the
dependent variable, and

has constant coefficients since the dependent variable and its derivetive(s) are
multiplied only by congants (m, k, L and Rare not functions of t.)

in both cases, time, t

These two differential equations can easly be made non-homogeneous by, for example,
pushing the particle with a possibly time-dependent externd force, P(t), or by applying a
possibly time-dependent externd voltage, e(t). The rexulting governing equations will
become

dv

mE- kv = P(t) (1.3
and
L%+ Ri = e(t) (1.4

In each case there is now a second time-dependent variable; the equations are now non-
homogeneous and are the types of equation that will be ‘digitised’ in the following sections.

All sysems liged above, (1.1) - (1.4), can be solved to obtain a continuous-time,
and ogue solution which, when plotted will produce a continuous solution curve.

For the particle problem, the solution will be of the form
For the circuit problem the solution will be of the form

v(t) = somefunction of t
i(t) = somefunction of t

The diagram shown on the Ieft is a
| screenshot from the MathinSite “LR
Series Circuit” applet and shows a
typica continuous curve (i.e. anadogue)
response from an LR drcuit with no
applied voltage (the homogeneous case).
However, without some initid condition
a creuit with no gpplied voltage would
| have zero response for dl time, so here
the applet specifies that there is dready
an initid current of 4 A in the drcuit
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iscdled the initial condition and for a
first-order system there needs to be just
asingleinitid condition.
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System Excitation

To get some response from a system there needs to be either
(8 anexternd driving source (aforce or avoltage, for example) or
(b) some non-zero initiad condition
(c) or both.

A Zero-input system is excited only by initid conditions (and has no externd
forcelvoltage/etc)
A Zero-state systemis excited only by a source (and has zero initid conditions)

Digital Systems

The need to digitise dgnds is essentid to engineers involved in, for example, sgnd
processing, filter design and system control.

A digital system is one in which data is represented as a series of periodic pulses. The
initid data source, often analogue data (represented as a continuous-time sgnd), is regularly
sampled and converted into numerica vaues. This is usudly achieved in practice usng
andogue-to-digita converters (ADC) and, if necessary, back again using digita-to-analogue
converters (DAC). But why is this necessary? The main reason is for computer andysis and
control. Computers store their data only in a digita form (at the most basic level as binary
numbers) and are therefore are unable to dea with continuous data. A random signal would
require the computer to hold an infinite amount of information - hence the need to sample the
sgnd at regular, pre-defined time intervas, o producing adigita, or discrete-time, sgnd.

% Fint-artier Digial Systoers : sk 11+ byl = {151 Al The d|@ra’n shown on

Fik Yiw Dhply Help

the left is a screenshot
from the MathinSite
“Frg Order Digitd
Sysems’” agoplet and
shows the equivdent
digitd output (solution)
of the LR continuous-
time sysem shown on

page 2.

Sywiem diereecs wysoern: 30k * 1] - 10y{R]= 00

e A i W EAA : The ‘bdl’ at the top of
R iR e =L eech spike is there
' merdy to show the

pikes more clearly.

For any system andysis or control by a computer, output/input sSgnals have to be digitised.
The LR series circuit above is effectively an dectronic filter and to investigate this usng a
computer takes the engineer into digital filter design. The output of such a system will be
some form of sgnd which, when digitised and andysed, tekes the engineer into digital
signal processing (DSP). Using a computer to control a robot arm (which may consst of
many electromechanica parts including sensors and actuators), will require converson of
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continuous-time displacements and voltages, for example, into digitd displacements and
voltages, typica digitd Sgnasthat are used to drive computer-controlled systems

Digitisng Analogue Systems
Congder a system whose governing differential equation is the ordinary, linear, firg-order,
non-homogeneous differentia equation with congtant coefficients A and B,
dy(t
A ﬁ)my(t):f(t) ws)
The lower case t indicates thet the time is continuous and hence the system is an andogue
sysem.

In order to digitise the system, samples have to be taken at regular intervas (usudly denoted
by thetime, T, the sampling time).

In this case the sgnd will only exist at
oT, 1T, 2T, 3T, 4T, ...
where T isthe sampling time.

For example if the sampling time is 15 milliseconds (ms), then the sgnd only has vaues a
times

0ms, 15ms, 30 ms, 45ms, 60 ms, ...
In its digitised form, nothing is known of the signd between sample vaues, i.e. the sgnd
takes no vaue in between sampling (eg. a 13ms); the signal does not exist other than at
the sampling times.

So, in order to make an andogue-to-digita time conversion, use is made of
t=kT (k=0,1,23,4,...)

The vaue of the output and input of the above sysem arein
andogue form, y(t) and f(t) respectively
digitd form, for sample k, y[kT] and f[kT] respectively.

[Note that square brackets are often used to indicate that variables relate to discrete time]

But how isthe differential dy(t)/dt digitised?

The very beginnings of differentid calculus show that the gradient of a chord cutting a curve
intwo points (X1, y1) and (X», Y») isgiven by

Gradient of chord = 222 % =9Y
X, - X dx
For which the gradient of the tangent at ( X1, Y1) isgiven, asx; —x; 2 0, by
Gradient of tangent = & Yo ¥
dx X - X

Trandating this to the above system, where the consecutive k™ and the k + 1) sampled
points have coordinates (KT, y[kT]) and ((k +1)T, y[(k + 1)T]) gives
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dy yEK+DTg- y[KT]
dt (k+DT- KT

or
dy yEk+1T - y[KT]
at T
- and thisis cdled theforward difference approximation for the first derivative.

Note: Thereareothers, including the backwar d difference and bilinear approximations.
Theforward difference approximation is used in the accompanying MathinSite applet.

Equation (1.5) can now be completely digitised:

&y gk +1Ty- y[kT]

T

A

+ By[KT] = f[KT] (1.6)

It is convenient to specify T =1 (1 unit of time) so that (1.6) amplifiesto
A(MKk+1- y[K]) +By[K] = f[k] k=0,1,23,4, ...
or
Ak +1+(B- A)yiK] = f[K] k=0,1,234, ...
Writing A = aand (B — A) = b givesthis equation in the format used by MathinSite

ay[k +1] + by[K] = f[K] k=0,1,234, .. (L7

Equation (1.7) is alinear, first-order difference equation with constant coefficients
andisthe digitd equivaent of the andogue linear, first-order, differential equation with
constant coefficientsgiven in Equation (1.5).

Solving First Order Difference Equations

There exist a vaiety of ways of solving difference equations of this type — three are
consdered here, using:

arecurdgve formula

the ‘classca’ complementary function and particular integra approach

z-transforms.

The firs method produces an ‘open form' type of solution and the second and third
methods a ‘closed form’ type of solution. These will be discussed asthey are met.

This Theory Sheet is not intended to give an exhaustive description of how to solve such
equations. One equation will be solved by the three methods as an example.

Congder the difference equation
4y[k+1] - 2y[k] =5 withy[Q] = 2 (1.8)

(In order to obtain anumerical solution aninitial condition isneeded - in this exampleit is specified as
y[0] = 3/2,i.e. thevaueof yiszerofor k =0.)
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Herea=4, b =-2 and f[k] = 5. It is |eft as an exercise to the reader to show that the
differential equation relating to the above difference equetion is

dy _ _
4E+2y—5, y(0) =3

This andogue equation has the andyticd solution, usng the dasscd “assumed solution
method” or by using Laplace Transforms

= %(5- 2e'2t)
This solution can be used to compare with the digita solution obtained below.

1. Solving the digital system (1.8) using a recurrence formula

Equation (1.8) can be rearranged to give the ‘recurrence’ formula

ylk +1] = %(5+ 2y[k]) with theinitial condiition y[0] = 2
and thisis used recursively, starting with y[O] = 2 to obtain the solution sequence
whenk=0:  y[0]=%(5+2" &)=2

. _1 p _9 Note the disadvantages with using arecurrence formula
whenk = 1: y[ = 4(5+ 2 2) T4 (a) thereisnoanalytical (‘niceformula’) solution,
whenk=2  y[2]=4(5+2" §)=% and

i (b) you can only find avalue in the sequence by
whenk=3:  Vy[3] = %(5+ 2 %) =3 knowing ALL the previous values
whenk =4 y[4 =3(5+2"¥)=2
etc

Thissolution isin the form of a sequence of values,
{3 29 19 39 }
2'%1 418116

and thistype of solution is caled an open-form solution.

2. Solving the digital system (1.8) using the ‘classical’ assumed solution method

In order to solve (1.8) using this method it is necessary find the ‘ complementary function’
(CF) firgt by solving the homogeneous equation
4y[k+1] - 2y[k] =0

The solution here is assumed to be of the form  y[k] = Ar® where A is some congant

whose vadue is to be determined. If this IS a solution of the homogeneous equation it must

satisfy the homogeneous equation. So, with y[k +1] = Ar***
AArKT - 2Ar€ =0

gving
2" Ar¥ (2r-1)=0
Here, elther
2 =0 (not very likely!) or
Ar¥ =0 (this, the trivial solution, is discounted since it leads to the perfectly
acceptable, but incredibly uninteresting, solution y[k] = 0), or
2r—1=0,gvingr =%
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So the solution (CF) satisfying the homogeneous equation is y[k] = A(4)" (1.9)
For a‘particular integra’ of the full, homogeneous equation given in (1.8) it is necessary to
assume that there will be a solution that will be some congtant, p, say.

(NOTE: Itisacharacteristic of linear difference equations (systems) that whatever the type of input
(in this case the constant value 5), the output will be of the same type.)

So if the solution expected isy[k] = p (and hence y[k + 1]
4p- 2p=5o0r p=2

= p d0) then, from (1.8),
(1.10)

The full solution for the system is now found by adding the particular integrad (1.10) just
found to the CF (1.9) giving the general solution

yIk] = A(2)" +2

Even now, this is not the find solution Snce the vdue of A is dill unknown. This is found
usng theinitia condition, y[0] = %,i e

or

So the particular solutionis

This result should corroborate the result found using the recursve method. Congder just 3
vauesof k.

without knowing ALL the previous values

whenk=0: y[0]=3- (—)O =3 Note the advantages with using this method
e s 2 _ (@ thereis_‘niceformula’ solutioe that allows
whenk = 2: yi2] = 2° (—) =7 (b) youtofind avalue anywherein the sequence
=5_
2

whenk=4:  y[0]=%- (4) =2 ec

The solution here is a closed-form solution; it finds any vaue in the output sequence without
having to evauate any of the previous values.

Before going any further, it should be pointed out that it is not necessarily a case of “open-
form bad, closed-form good’. Very often in, for example, red-time sysems such as
computer-controlled robots, the software programmer is more likely to use the open form
for two mgor reasons:
- Counting clock cycles. Red-time software control systems have to be fagt. In the
above example, the closed form solution involved subtraction and raising the number
% t0 a power - a notorioudy ‘dow’ process for a computer when compared with
the open-form solution, where it was only necessary to use multiplication, addition
and divison.
The controlling software, in the very act of controlling a system, necessarily has to
generate dl the output values anyway.
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3. Solving the digital system (1.8) using z-transforms

This method is likely to be met in a second-year undergraduate engineering course and isthe
most sophisticated of the three given here. It requires knowledge of how to use z
transforms, which are the digital, discrete-time equivdent of the andogue, continuous-time
Laplace Transforms.

Insolving (1.8), thefallowing z-transforms are required:

Z{ylKl} =Y@, Zylk+1]} =22 - 2/[0],
_ z Kl — z
2{A=r—", z{Ar }—A;
where A and r are constants.

o, taking ztransforms of (1.8) and using the initid condition Sraightaway (as opposed to
having to leave it until the end in the previous method) gives
z
4(zY(2)- 2" 2)- 2Y(2) =5.—
( ( ) 2) ( ) Z- 1
or
2 6z-1
4(z- 1)¥(2) = 62+ 52 _ 62 z:z( z-1)
z-1 z-1 z-1

SO

Yz (6z-1) 5 1 1
z  Az-1(z-4) 2'z-1 (z-%)
using partid fractions, so
Y(2) = 5.z ;1
2'z-1 (z-4)
which, by taking inverse transforms gives, as before,
k
ylkl =3- (3)
Comparison of Analogue and Digital Solutions
Analogue Digital

Solution yt)=3- e ylk] =%- (4)"
Initial Condition,t=kT =0 y(0) =3 yik] =2
Solutionatt = kT =0.5 2.132121 1.792893
Solutionatt=kT =1 2.364665 2
Solutionat t = kKT =2 2.481684 2.25
Solutionatt=kT =5 2.499955 2.46875
Steady State value 2 2

Type of Solution Monotonic*, exponentia Monotonic, exponentia

growth to alimit growth to alimit
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*Monotonic means that the solution approaches the steady state value purely from one side (in this

case from % up to %), i.e. the solution does not oscillate about the steady state value as it is

approached.

It isimpossible to generdise from a single example. However, the above table does indicate
some interesting points.

Both solutions are effectively the same equation with €2 in the andogue solution
being approximated by Y2inthedigitd — dreedy not a very good gpproximation
Aninitid condition, 2, and asteady state, 2, is achieved by both, however
The digitd solution takes longer to reach steady date (for example, the digita
solution a t = KT =5 isabout the same as the andogue solution at t = kT = 1)
The error between analogue and digital a t = kT = 0.5 is gpproximately 16% but
by t = kT =5 this has dropped to about 1.2%. During the early part of the trangent
response, the digita gpproximation is worse than when steedy state is approached.

Exercises

1. Will the digitd solution dways be ‘smilar’ to the andogue solution? Will a monotonic
andogue solution aways result in a monaotonic digital solution? Try the same andyss with
these (or use the applet to do the investigation for you!).

5y[k +1] +3y[k] =

5y[k +1] - 3y[k] =

3y[k+1]- 3y[k] =

3y[k + 1]+ 3y[K] =

noting in particular how the position of the system pole* in the z-plane relates to the type of
solution obtained.

000 0o

*The system pole for a first order system always lies on the real axis in the complex plane (Argand
Diagram). Note that such apole can either lie

Q totally within the unit circle

Q ontheunitcircle, or

Q outside the unit circle

The type of response of the system (i.e. the type of solution of the difference equation) can be gauged
from this pole position. Think in terms of stable, unstable, monotonic, oscillatory, constant, purely
oscillatory, asthe pole moves along the real axis.

2. Classify (perhaps in a table) how the system responds for particular ranges of vaues of
the pole position aong the red axis.
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